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Introduction 2

• Last class, we looked at two basic improper inte-

grals: ∫
∞

1

1

x
dx diverges

∫
∞

1

1

x2
dx = 1

• Key point: 1

x2 tends to zero much faster than1
x

.
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Introduction 2

• Last class, we looked at two basic improper inte-

grals: ∫
∞

1

1

x
dx diverges

∫
∞

1

1

x2
dx = 1

• Key point: 1

x2 tends to zero much faster than1
x

.

• Look at the integral as measuring area under the

curve fromx = 1 to x = n + 1 with n boxes.
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Counting area: sequences 3

• Consider
∫
∞

1

1

x2 dx first.

•

an =

∫ n+1

1

1

x2
dx = 1 −

1

(n + 1)

• {an} gives asequence of numbers:

{
1

2
,
2

3
,
3

4
,
4

5
, . . . }

• Knowing the value of the integral is1, we know

that the numbers in theis sequence tend to1. We

say the sequenceconverges to 1.
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Counting area: sequences 4

•

an =

∫ n+1

1

1

x
dx = ln(n+1)−ln(1) = ln(n+1)

•

an =

∫ n+1

1

1

x2
dx = 1 −

1

(n + 1)

• {an} gives asequence of numbers:

{ln(2), ln(3), ln(4), ln(5), . . . }

• Knowing that the area under the curves tends to-

wards∞, we know that the numbers in theis se-

quence tend to∞ as well. We say the sequence

diverges.
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Convergent sequences 5

Definition: A sequence{an} converges to a limitL if, given anyε > 0,

there exits an integerN (depending onε, so that

|an − L| < ε for all n ≥ N
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Convergent sequences 6

Theorem: If

lim
x→∞

f(x) = L

andf(n) = an whenn is an integer then

lim
n→∞

an = L

i.e. an converges toL.
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Limit Laws 7

If {an} and{bn} are convergent sequences andc is constant then

• limn→∞(an + bn) = limn→∞ an + limn→∞ bn

• limn→∞ can = c limn→∞ an

• limn→∞ anbn = limn→∞ an · limn→∞ bn

• limn→∞ ap
n = (limn→∞ an)p if p > 0 andan > 0
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Squeeze Theorem 8

Supposelimn→∞ an = L andlimn→∞ bn = L and{cn} is a sequence

so thatan ≤ cn ≤ bn thenlimn→∞ cn = L.
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Examples 9

•

lim
n→∞

ln(n)

n
=?

• For which values ofr does

lim
n→∞

rn

exist?

•

lim
n→∞

3 + 5n2

n + n2
=?
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Series 10

• Consider
∫
∞

1

1

x2 dx again.

• ∆x = n+1−1

n
= 1,

∫ n+1

1

1

x
dx ∼

n∑
i=1

1

(i + 1)2

• So, ∫
∞

1

1

x2
dx ≥

∞∑
i=1

1

(i + 1)2

• Knowing the value of the integral is1, we know

that the numbers in theis sequence tend to1. We

say the sequenceconverges to 1.
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Series 11

• Similarly,

∞

1

1

x
dx ≤

∞∑
i=1

1

i

• Since the integral diverges, this shows that

∞∑
i=1

1

i

diverges as well.
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