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Definition. 1. Let {Xy}?°, be a sequence of independent,
identically distributed discrete random variables. For each positive
integer n, we let S,, denote the sum X1+ Xo+ -+ X,,. The
sequence { S, }°% ;1 is called a random walk.

2. We say that an equalization has occurred, or there is a return to
the origin at timen, if S, =0

Random Walks 1



Theorem. The probability of a return to the origin at time 2m is

given by
2
U2m — ( m) 2—2m .
m
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Theorem. Form > 1, the probability of a first return to the origin
at time 2m is given by

U ()

Jom =50 T = (2m — 1)22m

e (Generating functions

U(z) = f: U T
m=0

and
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Probability of Eventual Return

e In the symmetric random walk process in R™, what is the
probability that the particle eventually returns to the origin?
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Eventual Return in R!

e We will define w,, to be the probability that a first return has
occurred no later than time n.

e Define the probability that the particle eventually returns to the
origin to be

wyx = lim w,, .
n—oo

e In terms of the f,, probabilities, we see that

n

Won — ZfZi .

1=1
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Theorem. With probability one, the particle returns to the origin.
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Eventual Return in R™

o \We define fQ(ZL) to be the probability that the first return to the
origin in R™ occurs at time 2n.

(m)

e The quantity us,’ is defined in a similar manner.
o Forallm>1

(m) _ ém) (m) f(m) (m) —I—f<m) (m)

Ugp, Usp_o T
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e Define -
U™ (z) = Z ugg)x”
n=0

and

F(m) Z f(m) n

Ul (z) —1
W™ = lim FO) () = |
EH N P
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e In R? the probability of eventual return is 1.

e In R3 the probability of eventual return is strictly less than 1.
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Expected Number of Equalizations

e Derive a formula for the expected number of equalizations in a
random walk of length 2m.
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Expected Number of Equalizations

e Derive a formula for the expected number of equalizations in a
random walk of length 2m.

e Define g9, to be the number of equalizations among all of the
random walks of length 2m.

o We define gy = 0.

e We define the generating function G(x):

G(z) = Zggkajk :
k=0
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e We consider m to be a fixed positive integer, and consider the set
of all paths of length 2m as the disjoint union

EsUE,U---UEg, UH ,

e We claim that the number of equalizations among all paths
belonging to the set Foyy is equal to

| Far| + 22K forgom—_ok -
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e The functional equation is

G(x) = F(42)G(x) +

1 —4x

o |f we simplify, we obtain

1 1
(1—4z)3/2 (1 —4x)

G(z) =
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e The expected number of equalizations among all paths of length

2m i1s
gam_ \ﬁ\/%
22m T .
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