
Math 128. Current problems in combinatorics.

Problem Set 1. Due on Monday, 4/9/12.

1. Prove that for every k, the permutation π avoids k . . . 21 if and only if the entries of π can
be partitioned into k − 1 (possibly empty) increasing subsequences.

2. Suppose that you have a stack that can never hold more than k entries at a time. Charac-
terize the permutations that can be sorted by this machine.

3. Find a permutation of length 4 which cannot be sorted by two stacks in parallel.

[Note: It is an open problem to enumerate permutations which can be sorted by two stacks
in parallel, although there is an O(n log n) algorithm to decide whether a permutation is
sortable in this way.]

4. Suppose that we are allowed to pass a permutation twice through a stack, or in other words,
to sort with two stacks in series. The first time we may do any legal stack operation we
like. Find a permutation of length 7 which cannot be sorted in this manner and prove why
it cannot be sorted.

5. Prove that π ∈ Sn can be sorted with two stacks in series if and only if π = στ for some
σ, τ ∈ Sn(231) (στ denotes the product in the group Sn).

[Note: It is an open problem to enumerate permutations which can be sorted with two
stacks in series, and there is no known efficient algorithm to decide whether a permutation
is sortable in this way.]

6. Define the following operations on σ ∈ Sk:

• the inverse σ−1 is such that σ−1(σ(i)) = i for all i,

• the reversal σr is such that σr(i) = σ(k + 1− i),
• the complement σc is such that σc(i) = k + 1− σ(i).

(a) Show that σ-avoiding permutations are in bijection with σ−1-avoiding, σr-avoiding,
and σc-avoiding permutations.

(b) These operations generate a group (think of them as generators I,R,C, with relations
such as I2 = 1 or RC = CR). What is the order of the group? What group is it?

7. Define two permutation to be s-equivalent if one can be transformed into the other by
applying operations from the previous problem. With this definition, there are two s-
equivalence classes for permutations of length 3, namely {123, 321} and {132, 213, 231, 312}.
How many s-equivalence classes are there for permutation of length 4? How many for
permutations of length k?

8. Let σ ∈ Sk. Prove that there are exactly k2+1 permutations of length k+1 which contain σ.


