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1. Introduction and results. The divisors of Mersenne numbers, ie., the
divisors of numbers of the form 2"—1, have been investigated by several
authors. Recently C. Pomerance [8] has obtained results on the magnitude
of the reciprocal sum of the primitive divisors of Mersenne numbers proving
and disproving some conjectures of P. Erdos [3].

In this note we consider only the prime divisors of Mersenne numbers. Put
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that is, f(n) is the reciprocal sum of the distinct prime divisors of the nth
Mersenne number. P. Erdés [3] showed that there is a positive constant ¢ such
that '

)

- f(n) <logloglogn+c

for all large n. (Throughout the paper, we use c as a generic absolute constant,
not necessarily the same at each appearance.) It can be easily seen that, apart
from the precise value of c, this result is best possible: if n = m!, then pi2"—1
for all odd primes p <m and so ‘

fm= Y 1> loglogm+c > logloglogn+c.
2<p€m o
On the other- hand the reciprocal sum of the prime divisors can be
arbitrarily small. For example, by a superficial argument, f () < ¢/log n follows
if n is prime, since in this case every prime divisor of 2"—1 is greater than n
and the number of distinct prime divisors is less than cn/logn. Furthermore
from a result of P. Kiss and B. M. Phong [6], obtained for Lucas numbers,
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it follows that the average order of f (n) is less than an absolute constant in the
interval (x, x+loglog x) if x is sufficiently large.

In this paper we show that f(n) can be “large”, but not “too large”, for
arbitrarily many consecutive integers and we give an asymptotic formula for
the average order of f(n) which holds in “short” intervals.

TuroreM 1. For any positive number C and integer s there exist consecutive
integers n, n+1, n+2, ..., n+s such that

fn+)>C fori=0,1,...,5

In fact we are able to prove the following stronger form of Theorem 1. Let
log,n denote the k-fold iterated natural logarithm.

THEOREM 2. For each integer k =2, there are infinitely many n with
min{f(n), f(n+1), ..., (n+k—1)} > logy+,n+clogs 37,
where ¢ is an absolute constant.

One might wonder how close Theorem 2 is to the truth. It might seem that
saying (in the case k = 2)

min{f (n), f(n+1)} = log,n+clogsn
for infinitely many n is a quite weak result and that one might expect
min {f (n), f (n+ 1)} = Q(logsn).

In fact this is false. We show

THEOREM 3. There is an absolute constant ¢ such that
min{f (1), f (n+ 1)} < c(logyn)**(log,m)'”*  for all large n.

There is still a huge gap between Theorem 2 in the case k=2 and
Theorem 3. Almost certainly Theorem 2 is closer to the truth and in fact we can
shiow this conditionally on the Extended Riemann Hypothesis. '

THEOREM 4. Assume the Extended Riemann Hypothesis holds for the
Dedekind zeta functions for the fields K, for each prime p, where K, is the Galois
closure of Q(2'/%) and Q is the field of rational numbers. Then for every integer
k=2 we have

min{f (), f(n+1), ..., (r+k—1)} < 3logy+an+ck,
where ¢ is an absolute constant, for all sufficiently large n.

In fact, with a bit more work and assuming a stronger form of the ERH
(namely, that it holds for each K, where d is squarefree), we can replace the
coefficient “3” in Theorem 4 with “1”. However, we do not present this proof






