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Abstract. Let (n) denote the sum of positive divisors of the integer n, and let
denote Euler's function, that is, (n) is the number of integers in the interval [1; n]
that are relatively prime to n. It has been conjectured by Mjk owski and Schinzel that
( (n)=n 1=2 for all n. We show that ( (n))=n! 1 on a set of humbers n of
asymptotic density 1. In addition, we study the averageorder of ( (n))=n aswell asits
range. We use similar methods to prove a conjecture of Erdpsthat (n (n) < (n)on
a set of asymptotic density 1.

1. Intro duction. In this paper, we investigate a couple of conjectures
concerninginequalities involving the arithmetical functions , , and com-
positions of these. As usual, for a positive integer n we write (n) for the
Euler function of n, and (n) for the sum-of-divisorsfunction of n. For any
positive integer k and any positive number x we de ne log, (x) recursively as
the maximum of 1 and log(log, ;(x)), wherelog, = log is the natural loga-
rithm. Throughout this paper, we usep, g and P to denote prime numbers,
and c;; ¢,;::: will denote positive computable constarts.

The rst conjecture we are looking at is due to Mjk owski and Scinzel
(see[18]) and assertsthat the inequality

((n)y) 1
1) m >
holds for all positive integersn. It is known that
. ( (M) _ o ((n) 1 1
2 IlmnsupT =1 and O< Ilmnlnf — §+ 5 1

The rst limit in (2) is due to Alaoglu and Erdps (see[1]). The positive
lower bound for the secondlimit in (2) is due to the secondauthor (see[20])
and the upper bound for the samelimit appearsin the original paper of
Mik owski and Schinzel [18]. It is known that (1) holds for positive integers
n of various shapes(see,for example, [2], [6], [11], [18]), and in fact in [1] it
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is assertedthat ( (n))=n! 1 on a setof asymptotic density 1, and that
( (n))= (n) e logz(n) on a set of asymptotic density 1.

Especially sincethe proofs of theseresults stated in [1] were not given,
and since later researters have labored to give somewhat weaker results
(in [15] it is shawvn that (1) holds on a set of lower density at least 0:74),
we think it is worthwhile to prove theseassertionsfrom [1], in a somewhat
stronger form. For every positive integer n we write S(n) := ( (n))=n. Our
rst result in this paper givesthe maximal, normal, and average orders of
the function S(n).

Theorem 1. (i) We have
S(n)
log,(n)
(i) For eachnumbker u, 0 u 1, the asymptotic density of the set of
numkbers n with
4) S(n) > ue logs(n)

exists, and this density function is strictly decreasing, varies continuously
with u, and is O whenu = 1.
(iif) For every positive numkber x,
1 X 6e 1=2y.
(5) ” S(n) = — logs(x) + O((log3(x)) ™):

1 n x

3) lim sup
n

We remark that Warlimont (see[22]) hasrecertly shavn a result similar
to part (iii) of Theorem 1 for the function (n)= ( (n)).

There are seeral results in the literature which assertthat if f (n) is, for
example, either of the functions (n)=n or (n)=n, then the closure of the
setff (n)g, 1 is aninterval. Our next result shows that the sameis true for
the function f (n) = S(n).

Theorem 2. Let = liminf, S(n). Then fS(n) j n  1g is densein
the interval [; 1 ].

We now leave the function S(n) and the next question we addressis a
conjecture of Erdps (see[8]) which assertsthat the inequality

(6) (n ()< (n)
holds on a set of positive integersn of asymptotic density 1 (i.e., for almost
all positive integersn), but the inequality

(7) (n (n)> (n)

holdsfor in nitely many positiveintegersn. Somein nite families of positive
integersn for which inequality (7) holds were pointed out in [16]. In that
paper, it wasalsoshawn that (6) holds for a setof positive integersn of lower
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density at least 0.54.In this note, we prove that (6) holds indeed for almost
all positive integersn. In fact, we prove a stronger statemert, namely:

Theorem 3. (i) Let "(x) be any positive function of the positive vari-
able x which tendsto zem whenx tendsto in nity. The setof integersn > 1
for which the inequality

(8) (n ()< (n) n "(n)
fails has asymptotic density O.
(i) The set of positive integers n for which the inequality
) (n) (. (n) _ 2logs(n)
n n (n log, (n)
fails has asymptotic density O.

For example, (9) implies that for any xed " > 0 the set of n for which

(n () _.
n n (n)
fails has asymptotic density 0. In particular, the two functions (n)=n and
(n (n)=(n (n)) are asymptotically equalon a setof n of asymptotic
density 1.

Forn> 1,let f(n) = (n (n))= (n). It can be shown, using the
method of proof of Theorem 2, that the set of numbers f (n) is densein
the interval [0; 1 ]. This result shaws, in particular, that if cis any positive
number, then the inequality

(10) (n(n)>c(n)
holds for in nitely many positive integers n, which is a statemert much

stronger than the fact that (7) holds for in nitely many positive integersn.
We do not give further details here.

2. Preliminary results. In 1928,Sdoerberg (see[21]) proved that the
function (n)=n hasa distribution. That is, D (u) de ned asthe asymptotic
density of the set of n with (n)=n  u exists for every u. In addition,
D (u) is continuous and strictly decreasingon [0; 1]. Clearly, D(0) = 1 and
D (1) = 0. From these considerations,we immediately derive the following:

Lemma 1. Let " : (0;1)! (0;1) be any function suchthat "(x) tends
to zem as x tendsto in nity. Then, for a setof n of asymptotic density 1,
(12) % > "(n):

Proof. This is almost obvious. Indeed, let " be an arbitrarily small posi-
tive number. For large x we have "(x) < ". Thus, the set of positive integers
n for which inequality (11) holds cortains a set of n of asymptotic density
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at leastD ("). Sincethis holds for every " > 0, it follows that inequality (11)
holds for a set of n of asymptotic density D (0) = 1.

Lemma 1 may also be proved by using the average order of (n)=n,
namely,

X (n_ 6

2

(12) — =

= —x+ O(og();

n X

but we shall have other usesfor the distribution function D (u) later.

The next result plays a key role in the proofs of both Theorems1 and 3
and is essetially due to Erdps, Granville, Pomeranceand Spiro (see[9]).
Howewer, sincethis result was not explicitly stated in [9], we state it below
and provide a short proof.

Lemma 2. There exists a computable positive constant ¢; suchthat on
a set of n of asymptotic density 1, (n) is divisible by all prime powers p?
with p* < ¢; log,(n)=logs(n).

Proof. We use the notations from [9]. For any positive integer m and

any positive number x we let

X 1
(13) S(x;m) = —:

g x 9

mj(q 1)

From Theorem 3.4 in [9], we know that there exist computable positive
numbers c; Xp sud that the inequality

1 100, (x)
(m)
holdsfor all x > xp and all m  log(x). Let g(x) = c; l0og,(x)=log;(x). From
the proof of Theorem 4.1 in [9], we have, uniformly for all m,
X CoX .
exp(S(x; m))

(14) S(x; m) >

(15)
n X
m- (n)
Assumenow that p? is any prime power with p? < g(x). By increasingXg
if necessarywe assumethat the inequality log(x) > g(x) holds for x > Xg.
By inequalities (14) and (15), it follows that for sud p?,
X CoX CoX CoX

(16) < S P expliogy(x) | 0G0

nox
pa- (n)

Now let M (x) bethe leastcommonmultiple of all the prime powersp?< g(x).
Inequality (16) shows that the number of n  x for which (n) is not a
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multiple of M (x) is at most

X X CoX 2c,xg(X) C3X
17 1 :
i v 10800 Y Tog () Tog(a()  Toga(a))2
pa- (n)

where ¢(y) denotesthe number of prime powersp? y with a 1. In-
equality (17) shows that but for O(x=(log;(x))?) = o(x) positive integers
n X, (n)isamultiple of M (x). Lemma 2 is therefore proved.

For the remainder of this paper, we let g(n) = c; log,(n)=logs(n) and
denote by M (n) the least common multiple of all prime powers p? < g(n).
Here, ¢, is the constart appearingin the statemernt of Lemma 2.

We shall also make use of the following result:

Lemma 3. On a set of positive integers n of asymptotic density 1 the
following inequalities hold:

X
(18) ()= S< el
p>g (n) P 92
pin
X
19) ho(n) = Lo 05,
gy P 92(n)
pi(n  (n));p-n
X
(20) ha(n) := = :094(”):
o log,m P 10%s(N)
pi (n)

Proof. The fact that inequality (18) holds for a set of n of asymptotic
density 1 follows from an averaging argumert. Indeed, if T is any slowly
increasingfunction of x (like T(x) = g(x), for example), then

(21) X X 1 0 X
1 = A
L x e P T (x) log(T (x))
pin
(seealso[9], page 199). Taking T(x) = g(x) in formula (21), we get
X CaX
hi(n) —
o logs (x)

In particular, but for a set of n  x of cardinality O(x=log;(x)) = o(x),
inequality (18) holds.
We now turn to the secondpart of the lemma. For n X,

X
(22) hz(n) = log,(X) + Cs;
p x P
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though it is not hard to get a sharper inequality here. Let

_ log,(x) .
%)= Slogy ()’
For any positive integern > 1, welet P(n) bethe largest prime divisor of n.
By de Bruijn [4], the numberof n  x with P(n) x is x=(log,(x))3* °®,
and so is at most x=(log,(x))%> for all sucien tly large values of x. It is
easyto seethat the number of n  x with P(n) > x and P(n)?jn is at
most x! . Let A bethe set of numbersn with

(23) x*2<n x; P()>x; PM)?-n:
It follows from (22) and the above estimatesthat
X X
(24) hz(n)
n Xx; N6A |ng(X)

for all su cien tly large valuesof x.
Next, for n 2 A, let hy(n) = h.o(n) + hz.1(n), where

X 1 X 1
(25) h2;0(n) = = h2;1(n) = -
- p - p
X p>g (n) p>x
pi(n  (n));p-n pi(n  (n));p-n

For m X, the number of primes pjm with p> x =2 is at most 2= . Thus,
forn2 A, hp1(n) (2=)x 2, and so
X

(26) hz;1(n)

n2A

X
log(x)

for x su cien tly large.
For an estimation of h,.o(n) we again use an averaging argumert. We
have

X X 1 X
(27) hz;o(n) — 1
n2A g(x1=2)<p x =2 P né 0(mod p)
n  (n)(modp)
n2A

We now x a prime number p in the interval (g(x**?);x 2] and we nd an
upper bound for the inner sum appearing in (27). Assumethat n 2 A is
suc that pj(n (n)). Write n = Pm whereP = P(n). Then n (n) =
Pm (P 1) (m)=P(m (m)) + (m). Thus,

(28) P(m  (m)) (m) (modp):

Notice that p does not divide m (m). Indeed, if pj(m (m)), then
congruence(28) implies that pj (m), therefore pjm, which contradicts the

fact that p-n. Let a, be the integer in the interval [O;p 1] given by
am (m)(m (m)) ! (modp). Congruence(28) implies that P an,
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(mod p). From (23) we deducethat m  x! . Thus, summingup rst over
all the possiblevaluesof P(n) whenm is xed, we get
X X X X X
(29) 1 1= —am;p :
n6 0(modp) 1 m x? 1 P x=m 1 m x? m
n (n)(modp) P am (mod p)
n2A

By a well known result of Montgomery and Vaughan (see[19]),

x 2x .
(30) m &P Dlogixa(mp))

Sincep x ~2, we have
X 2x

(31) -
.o M 1)log(x=(mp))
2 X1 s
(p (=2)log(x) , ., m p
for x su cien tly large. Hence(29){(31) imply that
X 5x
1< —;
n6 0(mod p)
n  (n)(modp)
n2A
sothat from (27), we have
X X 5x 6x
(32) h2;0(Nn) o 1=2 1=2
N2 A 55g (x12) P 9(x*72) log(g(x*=2))
20x logs(x)

C1 109, (x) log,(x)
for all su cien tly large valuesof x. With (24) and (26), (32) implies that
X x logs(X
ha(n) 9z(x) .
log,(x) 10g4(x)

n X
In particular, but for O(x=log,(x)) = o(x) valuesof n  x, inequality (19)
holds.
The third part of Lemma 3 follows immediately from the inequality

X 1= 0 x log, x

n X
pi (n)
(uniformly for every prime p and x larger than somex; that is independen
of p; seeTheorem 3.5in [9]). It follows that the averageof hz(n) for n X
is O(1=logs(x)), and thus, we get (20) for a set of asymptotic density 1.
Lemma 3 is therefore proved.
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3. Pro ofs of the theorems

Proof of Theorem 1. (i) We rst obsene that since
c/n

< (n) n

log,(n)
for all integersn (see[17], Theorem 328), it follows that

. logy( (n) _ ..

W loge(m)
Thus,

- C)) ( (n)) . (n) _

(33) IlmnsupWZ(n) Ilmnsup Mg, (M) Ilmnsupm—e

(seeTheorem 323 in [17]). For the reverseinequality, let ny be a sequence
of integerswhich attains the last lim sup, that is,

(M) _
k ng log,(ng)

Let px be the least prime with px 1 (modnyg). By Linnik's theorem we
have pc < n:?, sothat log,(pk) 10g,(nk). Thus,

Spe) _ (e 1) (P« 1) () .
loga(P)  Pelogz(pk) (P 1)loga(nk)  niclogy(ni)
With (33) and (34), we thus have part (i) of Theorem 1.

(i) Here we usethe notations from the proof of Lemma 2. By Lemma 2,
for a set of positive integers n of asymptotic density 1, (n) is a multiple
of M (n). For ead prime p < g(n), let p? be the power of p in the prime
factorization of M (n). For such n, we have the inequality

(34)

Y Y
(35) ((n) 1+ }+ D+ 1 _P_ e logs(n)
(n) p P2 p 1 °
p<g (n) p<g (n)
asn! 1 .In addition, we have
@ LMY p voop voop
() pi (n) 1 p log,(n) P 1 pi (n) P 1
p> log,(n)
X
e logs(n) exp =
pi (n)
p> log,(n)

We now use (20). On a set of asymptotic density 1, the argument of exp
in (36) is o(1), sothat with (35), which also holds on a set of asymptotic
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density 1, we have

) ((nr;)) e logs(n):

To seethat (ii) of Theorem 1 holds, we write
_ ((n) (n),
SM=——m

The density function referred to in (ii) of Theorem 1 is then exactly the
function D (u) in Schoerberg's theorem for (n)=n.

(i) We rst show that the meanvalue of S(n) is at leastwhat is claimed.
Let ¢; bethe constant arppearing in Lemma 2, and for large x let Ag(x) be
the set of thosen with © X n < x such that (n) is a multiple of M (n).
By the argumerts from the proof of Lemma 2, we know that the cardinality
of the complemert of Ag(x) in the interval [1; x] is at most O(x=(log;(x))?).
For n 2 Ap(x) and a, asin (35), we have

Y
(37) (((nn))) (I\'/IVI((nr;)) = 1+ L4 e %p
p<g (n) P P
Y 1
- ppl 1 o
p<g (n)
Y p 1 i (a(n))
o<g (m P 1 g(n)
1
= (e lo n)+ 0(1) 1+0 ———
(e log(g(n) + O(2)) 55T
e logs(x) co:
Thus,
X X
38) LX gy 1 () ()
X X (n) n
1 n x n2Ag(x)
1 X n
(e logz(x) o) ” L:
n2Ao(x)
Using estimate (12) and the fact that
X
X jAgX)j= 0 —m——— ;
A0 =0 fiog,(x)2
we get
1 X (n) 6 Cio .
(39) X n 2 {loga())?

n2Ap(x)
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Combining (38) with (39), we further get
X

(40) s> & logs(x) ou;

X
1 n<x
which is a lower bound better than the one asserted.
It remainsto get an upper bound for the mean value of S(n). Let x be
a large real number. We split the positive integersin the interval [1; x] into

the following four subsets:
(41) A(X)=fnjl n< IOYg;

(42) B(x)= n pi n x; hs(n)< 917
logs(x)

(43) C(X)= n pi n x; hs(n) 1917 and
logs(x)

L (n) < (logy(x))®

and nally let D(x) bethe complemen of A(X)[ B(X)[ C(x) in the interval
[1; x]. Here,hz(n) isasin Lemma3and! (n) denotesthe number of di erent
primes that divide n.

We rst commert on the sizesof the cardinalities of the four sets de-
ned @bove. By the proof of Lemma 3, the cardinality of CB() is at most
O(x=logz(x)). Clearly, the cardinality of A(x) is exactly b~ xc. We now
shaw that D (x) is small aswell. More precisely we show that the cardinality
of D (x) is at most O(x=log,(x)). To seewhy this is so, notice that

X

(44) L( (n) ( () (n) + (p 1)

pin
where (m) is the number of prime factors of m, counted with multiplicit y.
Thus,

X X X X X X
(45) L( () (n) + P D=+
1 n x 1 n x 1 n X pjn
It is well known that X
(46) = (n)  xlog,(x):

1
1 n x

For the secondsum appearing in formula (45), we interchangethe order of
summation to get

X X X
(47) , = (p 1) % < X % %x(logz(x))z:
1 p x 1 p x
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The rightmost approximation appearing in formula (47) is a result due to
Erdpsand Pomerance(seeLemma2.3in [10]). Formulae (46) and (47) imply
that the cardinality of D (x) is indeed at most O(x=log,(x)).

The above caniderationsshoN that B(x) contains all integersup to x,
exceptfor O(x="logs(x)) of them.

If E is any one of the letters A; B; C; D, wede ne

X
(48) Sg = % S(n):
n2E(x)

It suces to bound ead oneofthe numbersSg for E 2 fA; B; C;Dg. Notice
that since

n
(49) ( rf ) < ¢z l0g,y(X)
for all n  x (see(34)), it follows that
(50) sa < oMW jog,00 = 0 PR < o)
and similarly
D (x);
(51) So < 22 jog, (x) = 0(1)
For the remaining numbers, write
(52) (n) = ng ny;
where
Y

(53) ng = p*;

pik (n)

p |$;2(n)
(54) Ny = p*:

pk (n)

p>log,(n)
Clearly,

( () (1) (n2) Ny nz
55 = < :
(59) ™ - n () ()
Notice that
Y 1
(56) . 13 <elogy(0+ ois
(ny)
p< log,(x)
foralln x, and
n

(57) 2~ exp(cushs(n))

(n2)
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for all n > p?, where c;4 can be taken to be any constart larger than 1
provided that x is large enough. By combining (55){(57), it follows that if
n 2 B(x), then

( (n)

(58) < (e logs(x) + Ciz)exp P—t
(n) l0gs(x)
< e logs(x) + cl5p logs(x):
Hence,
X
(59) Sg < (e logs(x) + cl5p logs(x)) % %
1 n x

6e P—
< —logs(x) + 16 logz(X);

where the last inequality follows from (12).

Finally, when n 2 C(x), let t(x) = b(log,(x))3c. For a given n 2 C(x),
let p1 < ::: < pyx) bethe rst t(x) primes with p; larger than log,(n).
Then obviously

X0 1 X 1
(60) hs(n) — < = < Co:
j=1 ™ c17 log, (x)<p<c 1g (log ,(x)) 3 log;(x)
Hence,by (57) and (60), we have
(61) 2« C20

whenn 2 C(x). Combining (55) with (56) and (61), we get

( (n)
(n)

(62) < C21 logz(x)

whenewer n 2 C(x). Thus,

iC(x)j p—
J E( ) logs(x) < C2  logsz(x);
wherg the last inequality in (63) follows from the fact that jC(x)j =
O(x=" logz(x)). The assertion (iii) follows now by combining inequalities
(50), (51), (59) and (63).

This concludesthe proof of Theorem 1.

(63) Sc < ¢

Proof of Theorem 2. By inequality (2), we know that 0 < 1=2 +
1=(23* 1). We shall make use of the following theorem due to Chen (see
[5], or Chapter 11 of [14], or Lemma 1.2 in [13]):

Chen's Theorem. For each even natural numker m and x  xg(m)
there exists a prime numbker s 2 (x=2;x] with s 1 (modm) such that
(s 1)=m hasat most two prime factors each of which exaeds x1719.
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We shall distinguish two cases:

Case 1: There exists a seguene of integers (m,), 1 such that
lim, S(my) = and lim, ordy( (my)) = 1 . Fix any real number 1.
Let " be any small positive number, and let m be a positive integer suc
that

(64) jS(m) j<" and ordy( (m)) > 1="
After xing sud an m, let t be an odd number suc that
(65) t>1=" j (=t <7 gedt; (m) =L

It is easyto seethat one can nd sud a number t. We now use Chen's
theoremto nd a prime number s> m sud that

(66) s 1= 2

where | has at most two prime factors larger than max( (m);t; 1=") ead.
Write

(67) (m=2my; my 1(mod2):
Then .
smy= LM _ @m)_ @™ 1 (m).
m m m

Notice that m and s are coprime, t and | are also coprime (becausethe
smallest prime factor of | is larger than t), and tl is coprimeto (m); there-
fore

((ms) _ @7mt) _ (27 1) (my) (1) (),

©8) SMs)= — s~ = @i+ m(2tl + 1)
Thus,

Sms) _ 22 1 (1) () 1.
(69) S(m 22 1) t | 1+ (2t) 1

Formula (69) together with the previous assumptionson the parameters ;t
and | implies that

S(ms)
(70) S(m) < C3;
where c,3 dependsonly on . Inequalities (64) and (70) imply that
(71) jS(ms) j < Caa”

where ¢4 dependsonly on  (because is absolute). Since" can be taken
to be arbitrarily small after was xed, it follows that is a cluster point
of fS(n) jn 19, which settlesthis case.
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Case 2: There existtwo constantsK ; and K, suchthat jS(n) j< K,
implies ord,( (n)) < K,. Notice rst of all that since

CEm) _ (P (pm) _ _( (pm))
p?m p?m pm

(72)  S(p’m) = = S(pm);
it follows that there exists a sequence(my), 1 of squarefreeintegers such
that S(m,) convergesto . Moreover, in this casewe know that ord,( (mpy))
< K3 whenn is large enough.In particular, ! (m,) < K+ 1whenn is large
enough.

Dene k to be the smallest positive integer such that there exists a
sequence(my), 1 of squarefreenumbers for which S(m,) corvergesto
and such that ! (m,) = k for all n 1. For ead n let

(73) mp = pg(n) :::pk(n);

where p(n) < ::: < pg(n). Write m, = pc(n)m2. Notice rst of all that
k > 1.Indeed,if k = 1,it followsthat isacluster point of f S(p) j p primeg.
Howewer, for p 7,
1
+(p 1)

_ P 1 1 p
S(p) = 5 o 5 2 >

Z 1+ 2+
which would imply that 3=2, cortradicting the result of Mjk owski and
Sdinzel (see (2)). Thus, k > 1. Since px(n) = P(m,) tends to innit y
with n, we get

_3p+t1) 3

( (mR)(pc(n) 1))

(74) = Iirr]n S(mp) = Iirrp MO pi (M)
o P(n) 1oy 0y.
Ilmnlnf WS(mn) = Ilmnlnf S(my):

From the de nition of k, it followsthat (m?), ; cannothavein nitely many
distinct terms and is, therefore, bounded. These argumerts show that one
may assumethat m, = apx(n) wherea > 1is a xed integer. Notice that
a> 2.Indeed,if a= 2,then, forp 7, onehas

sep- @ D 1 p_1 3(p+ 1)

3
— 1+ 2+ + = > —:

o o 1Tt el p 3
therefore 3=4, contradicting again the result of Mijk owski and Schinzel.
Thus, a> 2, therefore (a) > 1. We next show that

(75) = min % d an even squarefreedivisor of (a)

To seewhy is at least what is claimed by formula (75), let p be a large
prime and write
p 1= dynp;
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where gcd(d,; np) = 1 and d, is a number whoseprime factors are exactly
the prime factors of gcd(p 1, (a)). Notice that d, is even. Then

_ (@dpnp) _ ( (@dp) (np) 1 .
(76)  S(ap) = a(dpnpi ;) - ad, ; npp 1+(p 1Y

Since (np) Ny, the above argumert shows that

(77) lim infow;
m am

wherethe lim inf® meansthat we are allowing m to run only over those even
positive integerswhoseprime divisors are amongthe prime divisors of (a).
If dis the largest squarefreedivisor of m, then

((@m)  ((a)d),
am ad '
so is at least as large as the number appearing on the right hand side
of (75). To seethat is at most that number, choosed to be any even
squarefreedivisor of (a) and useChen'stheoremto construct large primes
ssudthat | = (s 1)=dis an integer composedof at most two primes, eah
of them large. Now

_ ((@d) _ (C@d O ! -
(78) S(as) = a@dl + 1) ad | 1+ (s 1)V

and notice that the right hand side of (78) tendsto ( (a)d)=(ad) whens
tends to in nit y through sud numbers. This provesformula (75).

Finally, having (75) at hand one can again use Chen's theorem to prove
our Theorem 2. Indeed, assumethat d is an even squarefreedivisor of (a)
realizing the minimum of the expressionappearing on the right hand side
of (75). Let be an arbitrary real number 1. Fix " > 0 arbitrarily small
and choosea number t coprime to (a) (in particular, to (a)d) sud that
both

(79) t>1=" and j ()=t j<™

Now use Chen's theorem to construct a prime number s such that | =
(s 1)=(td) is an integer composed of at most two primes larger than
max(t (a);1=") eadh. Now t and | are coprime and tl is coprime to (a)d,
therefore

( (aytdl) _ t (1) 1 .
a(tdl + 1) t 1 1+ 1 U

It is easily seenthat formulae (79) and (80) together with our assumptions
on s and | imply that

(81) jS(sa) < Cs™

(80) S(sa) =
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where c,5 dependsonly on . Since was rst xed and then " was chosen
arbitrarily small, it follows that is a cluster point of fS(n) j n  1g.
Finally, since 1 was arbitrary, it follows that fS(n) jn  1g is densein
[; 11
Remark. Instead of using Chen'stheorem, we could have useda wealer
fact, namely that for every even m there exist in nitely many primes p suc
that (p 1)=mis anintegerwhosesmallestprime factor is at leastlogp. This
statemert follows from simpler sieve methods sud as Brun's or Selberg's.
Of course,when p goesto innit y through sudc primes, S(p) approates
(m)=m, which is enough for the argumerts employed in the proof of our
Theorem 2 to go through.

Proof of Theorem 3. We usethe notations from the proofs of Lemmas?2
and 3. Let A bethe set of all integersn which are not primes and for which
M (n)j (n) andinequalities (18) and (19) hold. By Lemmas?2 and 3, A has
asymptotic density 1. We now shaw that inequality (9) holds for all values
of n 2 A which are large enough. We start by nding suitable upper and
lower boundson (n (n)). N)c()tice that

(82) (n (n)= 1
m<n (n)
; =1
UngK (n) X
1+ 1
m<n (n) m<n (n)
><(m,n )—:IX (m;n (n))=1;(mn)>1
= + :
1 2
Clearly,
X X n (n) X n (n)
(83) =( (n) — + —
1 . . pqg
pin pain; p<q
(n)
<(n (n) + (n):

n
Here, (n) is the number-of-divisors function of n. For the secondsum, we
usethe fact that M (n)j (n). Hence,if m is a number such that (m; n) > 1,
but (m;n  (n)) = 1, it follows that m hasto be a multiple of aprime pjn
with p > g(n). Of course,for such n, one has

X X 1
(84) < W oy T2
pin P pjn P

p>g (n) p>g (n)

(n_ () logs(n).

=(n  (n)hy(n) < log,(n)
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Putting together inequalities (82){(84), we get

(n_ (n) (n) _ (n) , logs(n) _ 2logs(n).

n (n) n n (n) logy(n)  log,(n)

For the rightmost inequality in (85) we usedthe fact that n  (n) n'™,

which holds becausen is not prime, and the fact that (n) < n'¥4, which
holds for all n large enough,thus

() _ 1 _ logs(n)
n (n) n¥  log,(n)
for n 2 A large enough.Inequality (85) proveshalf of (9). For the other half,
we write

(85)

X
(86) (n ()= 1
m<n (n)
(m;nx (n)=1 X
1 1
m<n (n) m<n (n)
X(m,n )—:IX (m;n (n))>1;(m;n)=1:
T 3’
From elemertary argumerts similar to the onesemployed above, we get
X (n)
(87) 0 ) = ()
and
X X 1
(88) ,<( (n) -
p
p>g (n)

pi(n  (n));p-n
S ()ha(n) < () logs(n),

log,(n)
Putting together inequalities (86){(88), we get
n ) M (n) , logs(m) _  2logs(n)
n (n) n n (n) logy(n) log,(n)

for n 2 A large enough.With (85) we thus have (9).
To see(8), say "(n) tendsto O arbitrarily slovly asn! 1, and let

(n) = ("(n) + 2logz(n)=log,(n))*:
Thus, (n)! Oasn! 1 .BylLemmal, wemay assumethat (n) > (n)n,
and by (9), which we have just proved, we may assumethat

@ 0 m<-Pn o+ =00 o)
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But for (n) > (n)n, the right sideof (89) is lessthan (n) "(n)n, which
gives(8).
This completesthe proof of Theorem 3.

4. Commen ts and problems. Letu(n)=n  (n). In many respects,
the function u(n) resenbles the sum of aliquot divisors of n, namely, the
function s(n) = (n) n. It seemsinteresting to iterate the function u at a
starting value of n until 0 is reached. Let ux bethe kth iterate. Let k(n) be
the rst positive integer k for which ug(n) = 0. It is easyto seethat

(90) k(n) < cze log(n) log,(n)

for all n large enough, where cp¢ can be taken to be any constart strictly
larger than e , but we suspect that k(n) = o(log(n) log,(n)). It would be
interesting to investigate both the averageand the normal behavior of the
function k(n).

Note also that u,(n) is dened for all n > 1 and that uy(n) = O if
and only if n is prime, sothat u,(n) is de ned and u,(n) > 0O for a set of
asymptotic density 1. Note, too, that (ii) of Theorem 3 says that n=u(n) is
asymptotically equal to u(n)=u,(n) on a set of asymptotic density 1. Our
Theorem 3 is analogousto someresults from [7] and [9], whereit was shown
that s(n)=nis asymptotically equalto s,(n)=s(n) on a setof n of asymptotic
density 1. In analogywith Conjecture 3in [9] which dealswith higher iterates
of the function s(n), we conjecture that for each xed number k, uy(n) is
de ned, ux(n) > 0, and n=u(n) is asymptotically equalto ux 1(n)=ux(n)
on a set of asymptotic density 1. That at least ux(n) is de ned, ux(n) > 0O,
and
ug 1(n) Ly
& am ~ 4 )
on a set of asymptotic density 1, for any xed " > 0, follows by the same
methods asin [7].

While as we said above, we know by (ii) of Theorem 3 that n=u(n)
and ui(n)=ux(n) are asymptotically equal on a set of asymptotic density
1, what is still in doubt is which one is larger, and the samequestion can
alsobe formulated for the pair of asymptotically equalfunctions n=s(n) and
s1(n)=s(n). Computations revealed that 550177 numbers n smaller than
1P satisfy

(92) nuz(n) < u(n)?
and 608799numbers n smaller than 10° satisfy
(93) nsz(n) < s1(n)’:

Of these, 371154 numbers satisfy both (92) and (93). Notice that when



PROBLEMS OF M<K OWSKHKSCHINZEL AND ERD &S 129

n is prime, both (92) and (93) hold. Of course, the set of all primes is
of asymptotic density 0 but this is lessnoticeable computationally in small
ranges.In particular, (92) holdsfor 471679%f the 921500composite numbers
n smaller than 1P, or about 51%, while (93) holds for 530301composites,
or about 58%. Both inequalities hold for 292656composites, or about 32%.
Based on our computations, it may be reasonableto conjecture that both
inequalities (92) and (93) hold on a set of asymptotic density 1=2 and that
they are independert, that is, that they both hold on a set of asymptotic
density 1=4.

Recall that an integer n is called a cototient if it is in the range of the
function u, that is, n = m (m) for someinteger m. It is not known if
the set of cototients has an asymptotic density nor if the upper density of
the setis < 1. In fact, until a few years ago it was not even known that
there are in nitely many non-cototients, until anin nite family of suc was
pointed out by Browkin and Sdiinzel in [3] (seealso[12] for more examples
of such in nite families of non-cototients). In analogy with the notion of a
cototient, let us call a positive integer n a strong cototient if the equation
ux(X) = n hasa positive solution x for every k 1. Doesthe set of strong
cototients have a density and if so,what is it? Clearly, sinceuy,(p™*¥) = p™
holdsforallm O,k landp 2 prime, it followsthat all prime powers
are strong cototients. Moreover, by looking at the valuesof u(pg) with p and
g odd primes, Goldbad's conjecture would imply that all odd integersare
cototients, therefore strong cototients.
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